We present an analytical study on the spinmotive force (SMF) generated by translational motion of magnetic Skyrmion. A SMF refers to an electrical voltage induced by dynamical magnetic textures, which reflects the spatiotemporal variation of the magnetization. The dynamics of a Skyrmion thus can be detected by a SMF measurement, which may play an important role in future Skyrmion-based techonologies. We obtain the expression for the SMF, taking into account the Rashba and Dresselhaus spin-orbit couplings (SOCs) as well as the so-called β term arising from the nonadiabaticity in the electron spin dynamics. To this end, we derive a general formula for the SMF including the effects of Dresselhaus SOC. Our results reveal the dependence of the SMF on the Skyrmion profile and the SOC parameters, which offers an estimation of the SMF for a given experiment. arXiv:1812.11120v1 [cond-mat.mes-hall] 
I. INTRODUCTION
Magnetic Skyrmions, since its prediction [1, 2] and experimental discoveries [3] [4] [5] [6] [7] in magnetic materials with broken inversion symmetry, have been generating increaseing attention in the field of spintronics. They exhibit rich physics stemming from their characteristic, topologically nontrivial structure, and are deemed a promising player for future technologies [8] [9] [10] [11] . Manipulation of Skyrmion dynamics can be achieved by various ways, such as using electrical current [12] [13] [14] [15] [16] , spin waves [17] [18] [19] , temperature gradient [20, 21] , electric field gradient [22] , and magnetic field gradient [23] [24] [25] [26] .
When a Skyrmion is driven into motion, in turn, electrical voltages are induced around the Skyrmion [27, 28] , which can be exploited to detect the Skyrmion dynamics [29] . The physics behind such voltage generation has been understood based on the exchange interaction between the conduction electron spin and the local magnetization; the exchange interaction mediates an electrical-voltage generation by dynamical magnetic textures. The effect can be attributed to the so-called spin electric fields, and is known as spinmotive force (SMF) [30] [31] [32] [33] [34] [35] . A SMF reflects the spatiotemporal variation of the magnetization, thus offering a solid way of detecting various dynamical magnetic textures, such as a moving domain wall [36] [37] [38] [39] [40] [41] [42] [43] and magnetic vortex [44] [45] [46] . In the past decade the original SMF theory [47] [48] [49] [50] [51] has been extended to include the effects of the nonadiabaticity in electron spin dynamics, i.e., the so-called β term [52] [53] [54] [55] [56] , as well as the Rashba spin-orbit coupling (RSOC) [57] [58] [59] [60] [61] .
In this work, we analyze SMF generated by magnetic Skyrmion's translational motion with paying a special attention to those newly found effects. Earlier work [62, 63] numerically computed the electrical voltage induced by Skyrmion motion. There still remain, however, open problems to be addressed. First of all, the analytical expression of the SMF due to Skyrmion motion is yet lacking, which hinders estimation of the output voltage for a given experimental setup. The contributions of the β term has only been discussed in the context of magnetic bubbles [64] , and effects of the SOCs due to broken inversion symmetry have been hardly discussed [63] . The latter effect may be particularly important in typical chiral magnets that host Skyrmions, where the inversion symmetry is inevitably broken. We derive analytical expressions for the SMFs generated by Skyrmion motion, taking into account all the above-mentioned effects. To discuss the bulk inversion symmetry breaking as well as the interfacial one, we derive a general expression for the SMF originating from the Dresselhaus spin-orbit coupling (DSOC). Our results reveal the fundamental behaviors of the SMF induced by Skyrmion dynamics, which offers a comprehensive understanding of the phenomenon.
II. DERIVATION OF SPIN ELECTRIC FIELDS
We assume the Hamiltonian for a conduction electron in the ferromagnet to be given by
where m e and p are the electron's mass and canonical momentum operator, respectively. The second term is the exchange interaction with the local magnetization, with J(> 0) the exchange coupling energy, σ the vector of Pauli matrices indicating the electron spin operator, and m the unit vector representing the local magnetization direction. The last terms in the second line are the SOCs, with λ D and λ R are the Dresselhaus and Rashba parameters, respectively.
To derive the spin electric fields acting on the conduction electron, we consider the Heisenberg equation of motion [51, 60] . The velocity operator v of the electron is given by
/∂t, the explicit expression of which is given by
The first term is interpreted as the spatial gradient of the "potential energy" J σ · m. The second term originates from the non-commutating nature of the SOCs and the exchange interaction. The third term is induced by the temporal variation of the "vector potentials" due to the SOCs. To calculate the electrical voltage, we have to determine the expectation value of F . In Eq. (2) and hereafter, we discard v-dependent terms, anticipating that we will consider open circuit conditions where the expectation value of v vanishes.
Let us determine the (normalized) electron spin s ± = σ ± , where ... +(−) stands for the expectation value for the electron at Fermi surface with the majority (minority) spin. We here assume the condition J/ λ D,R | k F |, with k F the Fermi wave vector, so that the electron spin dynamics is dictated by the exchange interaction. If the spatiotemporal variation of the magnetization is slow enough for the electron spin to adiabatically follow, s ± may thus be decomposed as
where δ s ± (|δ s ± | 1) represents the small deviation of the electron spin from ∓ m. We assume the electron spin to obey the equation of motion [65] 
where the first term in the rhs represents the Larmor precession around the magnetization, with 
where β = τ ex /τ sf . The adiabatic condition for the electron spin dynamics indicates τ ex τ sf , i.e., β 1.
The expectation value of F in Eq. (2) is given, using Eq.
where the spin electric fields E 0 and E so are defined by
The spin electric fields accelerate the electrons with majority and minority spins in the opposite directions. E 0 arises when the magnetization varies in both time and space, being independent of the SOCs. It consists of the adiabatic contribution [47, 48, 51] [the first term in Eq. (6)] and the nonadiabatic, β contribution [52] [53] [54] [55] [56] (the second term). E so is the spin electric field due to the SOCs, which is also composed of adiabatic and nonadiabatic contributions. In addition to the RSOC, which has been discussed in earlier work [57] [58] [59] [60] [61] , here we have also derived the spin electric fields originating from the DSOC. In contrast to E 0 , the SOC-induced field E so does not require the spatial variation of the magnetization.
The spin electric fields give rise to the spin current
the electric conductivity for the majority (minority) electrons. In an open circuit condition, the ordinary electric field E ind = −∇φ − ∂ A/∂t is induced to keep the total electrical current zero, i.e., j c + σ + F + σ − F E ind = 0, where φ and A are U(1) scalar and vector potentials. To determine the electric potentials we have to fix the gauge, and here let us adopt the Coulomb gauge, ∇ · A = 0. The scalar potential is thus determined by
represents the spin polarization of the conduction electrons. We define the SMF, induced between given two spatial points r a and r b , by the potential difference φ( r b ) − φ( r a ). For convenience, we decompose the electric potential as φ = φ 0 + φ so , where φ 0 and φ so are the SOC-free and SOC-induced parts, defined by ∇ 2 φ 0 = ∇ · P E 0 and ∇ 2 φ so = ∇ · P E so , respectively.
In the next section, we will calculate the SMFs generated when a Skyrmion exhibits a translational motion. The SOC parameters will hereafter be assumed to be time-independent for simplicity.
III. ELECTRICAL VOLTAGES DUE TO SKYRMION MOTION

A. Dynamical Skyrmion profile
A two-dimensional Skyrmion structure, with its center located at is unavailable, it is well approximated by a standard 360 • domain wall profile [66] ;
where q = ±1 is the polarity of the Skyrmion, h = −π (0) for q = +1 (−1), and w, which in the case of domain wall describes the wall width, defines the Skyrmion size. The constant ϕ 0 has a close relation with the SOCs. The presence of DSOC (RSOC) indicates the bulk (structural) inversion asymmetry, which usually leads to a Dzyaloshinskii-Moriya interaction that favors a Bloch (Néel) Skyrmion, i.e., ϕ 0 = ±π/2 (0, π). When both DSOC and RSOC are present, the Skyrmion adopts a compromise between Néel and Bloch structures, with ϕ 0 = tan −1 (λ R /λ D ) [67] .
Translational motion of a Skyrmion in the x-y plane can be driven by e.g., electrical current [12] [13] [14] [15] [16] , spin waves [17] [18] [19] , temperature gradient [20, 21] , electric field gradient [22] , and magnetic field gradient [23] [24] [25] [26] . Whatever the driving force is, a dynamical Skyrmion induces the spin electric fields around it according to Eqs. (6) and (7) . In what follows, we derive SMFs in terms of the Skyrmion velocity, without specifying the driving force; it is a trivial task to read the SMF as a function of a particular driving force, once the dependence of the Skyrmion velocity on the driving force is known [68] . Throughout this work, we limit ourselves to a rectangular thin film with side lengths L x and L y , where a Skyrmion exhibits a steady motion with velocity dx c /dt = v along the x direction, as shown in Fig. 1 . While the Magnus force deflects the Skyrmion motion from the direction of the external force in general [69, 70] , studies show that it is feasible to drive a Skyrmion in the intended direction by, e.g., applying the external force in an appropriate direction [71] or exploiting potential barriers to confine the Skyrmion path in the desired track [72] [73] [74] .
B. Numerical approach to SMF One can calculate the SMFs most straightforwardly by numerically solving the Poisson equations Fig. 2 (a) is the SOC-free electric potential φ 0 , which is common for the three cases. The SOC-free SMF is thus independent of ϕ 0 . The peak (yellow region) and dip (black region) of φ 0 , however, exchange their positions depending on the sign of the topological factor N S = cq (the result for N S = −1 not shown) [c.f. Eq. (17) below]. The SOC-induced potentials φ so for the cases (i), (ii) and (iii) are given in Fig. 2 (b) , (c) and (d), respectively. The distribution of φ so depends strongly on the combination of the SOC and ϕ 0 . Notice the difference in the color plot scale for (a)-(d). The relatively small peak and dip in Fig. 2 (c) reflect the fact that, in the case (ii), the adiabatic part of E so in Eq. (7), which provides the dominant contribution to φ so in the other cases, distributes so as to avoid the appearance of large divergence.
In experiment, it is difficult to observe the detailed potential profile at nanometer scale around the moving Skyrmion core. We here define the longitudinal SMFs with respect to the Skyrmion
Ly 0 dy{φ so (L x , y)−φ so (0, y)}. These definitions correspond to placing two electrodes, extending along the y direction, at x = 0 and L x , under which we take spatial average of the electric potentials. The transverse SMFs, on the other hand, are V y Fig. 3 Fig. 2 (b)-(d) , the numerically-observed V x so is the same for (i), (ii), and (iii) [ Fig. 3 (a) ]. As for V y so , it is vanishingly small for the cases (i) and (ii), while V x so (v) = V y so (v) for the case (iii).
In the following, we try to reproduce and understand the numerical results in Fig. 3 based on an analytical analysis.
C. Analytical approach to SMF
To address analytical expressions for the SMF, here we adopt a "quasi-one-dimensional" approximation for electrical voltages, where the longitudinal SMF V x (either V x 0 or V x so ) between x = 0 and L x are estimated by
where E x is the x component of the spin electric field considered, i.e., E x 0 or E x so . The y integration with the factor 1/L y in Eq. (9) is to take care of the spatial-averaging of the spin electric field along the y direction. The quasi-one-dimensional approximation in Eq. (9) becomes exact when the system is truly one-dimensional; V x = Lx 0 P E x dx. In higher dimensions, the scheme provides a good approximation if E y and the detailed spatial profile of E x do not have a major impact on V x . This is the case when the divergence of the electric field, i.e., the moving Skyrmion, is sufficiently away from the points where the electric potentials are measured. Employing Eq. (9), with the spin electric fields in Eqs. (6) and (7) and the Skyrmion profile assumed before, the longitudinal SMFs are computed as
with Γ = dxdy ∂ m ∂x 2 = π ρdρ ∂θ ∂ρ
and
Similar concepts for the transverse SMFs, V y 0 and V y so , lead to
where N S is the Skyrmion number defined by
In deriving the above expressions, we have not specified the profile for θ. Using Eq. proportional to the Skyrmion size w and so do the SOC-induced SMFs.
IV. DISCUSSION AND CONCLUSIONS
With the present set of parameters,
as seen in Fig. 3 . A quite large SOC parameter has been reported, however, for Pt/Co/AlO x [78] ,
where λ R = 10 −10 eV·m/ ; this is ten times larger than the value we assumed in our analyses. We therefore expect that for certain systems the SOC-induced SMF can provide the most important contribution to the observed electrical voltage. Larger SMFs may be realized also by exploiting a smaller sample, since they are inversely proportional to the sample dimensions [the factor 1/L y in Eqs. (10) and (11), and the factor 1/L x in Eqs. (15) and (16)].
In the analyses in Figs. 2 and 3 , we have assumed the relation ϕ 0 = tan −1 (λ R /λ D ) [67] between the Skyrmion structure and the SOCs, i.e., a DSOC (RSOC) leads to a Bloch (Néel) Skyrmion. Recently, however, the possibility of coexistence of RSOC and Bloch Skyrmion has been predicted [79] .
In this case, according to Eqs. (11) and (16), V x so (v) is negligibly small compared to V y so (v), on the contrary to the cases (i) and (ii) in Fig. 3 . This is supported by numerical approach (not shown).
When estimating the SMF with different values for the SOCs, we simply assumed the other parameters to be fixed. The spin relaxation term in Eq. (4) has its origin in SOCs, however, and thus the value of β can be affected by the change in the SOCs. The possible modifications to some of the parameters accompanying the change in the SOCs may require more careful analysis, when a more detailed and quantitatively accurate examination of the SOC-dependence of the SMF is desirable, which may be a subject of future work.
To address the analytical expressions for the SMF, we have assumed the steady-motion of Skyrmion sufficiently away from the sample boundaries. Although the investigation on the influence of Skyrmion-shape distortion, transient dynamics, the effects of the finite sample-size, etc.
must be interesting, it will require systematic study based on numerical approaches to the magnetization dynamics, such as micromagnetic simulation, which is beyond the scope of this work.
The assumptions made in the present work should be met when the driving force is sufficiently moderate, so that the collective-coordinate approach for the Skyrmion dynamics is appropriate.
So far we have considered the SMFs generated by a single Skyrmion. When multiple Skyrmions are involved [62, 63] , the net electric potential distribution is given by the superposition of all indi- In conclusion, we have studied the SMF generated by translational motion of magnetic Skyrmion. We have derived analytical expressions for the SMFs in the presence of the β term, RSOC and DSOC, which enable to estimate the electrical voltages in a given experimental setup.
Our results offer a fundamental understanding on the phenomenon, revealing the dependence of the SMF on the SOC parameters and Skyrmion's topology; e.g., Skyrmion or anti-Skyrmion, Néel or Bloch, and the magnetization pointing in the positive or negative z direction at the Skyrmion core.
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